Testing of Hypothesis and Significance:
Hypothesis Testing: Hypothesis testing is a procedure which enables us to decide on the basis of information obtained from sample data whether to accept or reject a statement. 

For example, Agriculturists may hypothesize that these farmers are aware about new technology will be the most productive. With statistical techniques, we are able to decide whether or not our theoretical hypothesis is confirmed by the empirical evidence.
Null Hypothesis: The null hypothesis (written as HO:) is a statement written in such a way that there is no difference between two items. When we test the null hypothesis, we will determine a P value, which provides a numerical value for the likelihood that the null hypothesis is true. 
Alternate Hypothesis: If it is unlikely that the null hypothesis is true, then we will reject our null hypothesis in favour of an alternate hypothesis (written as HA), and this states that the two items are not equal.
Simple and Composite Hypothesis: In statistical hypothesis completely specifies the distribution is called Simple Hypothesis, otherwise it is called as Composite Hypothesis.

Descriptive Statistics: Figure associated with the number of birth, number of employees and other data that average person calls.

Characteristic: To describe characteristics of population and sample.

Inferential Statistics: It is used to make an inference to a whole population from a sample. For example, when firm tests markets a new product in D.I.Khan, it wishes to make an inference from these sample markets to predict what will happen throughout Pakistan.

Characteristic: To generalize from sample to the population.
Determining Sample Size: Three factors are required to specify sample size.

1. The variance or heterogeneity of population i.e Standard deviation(S).

Only small sample is required if the population is homogeneous. For example, predicting the average age of college students require a smaller sample size than predicting the average age of people visiting the zoo on a given Sunday afternoon.

2. The magnitude of acceptable error i.e E. It indicates how precise the estimate must be.

3. The confidence level i.e Z 
Sample size (n) = (ZS/E)2 

Suppose a survey researcher studying expenditure on major crop wishes to have a 

95 % confidence interval level (Table value of which i.e Z = 1.96) and a range of error (E) of less than Rs. 2. The estimate of standard deviation is Rs. 29.

n = (ZS/E)2  = [ (1.96 x 29)/ 2]2 = 808

If the  range of error (E) is acceptable at Rs. 4, the sample size is reduced.

n = (ZS/E)2  = [ (1.96 x 29)/ 4]2 = 202

Thus doubling the range of acceptance error reduces sample size to one quarter of its original size and vise versa.
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         Figure: 1   Sample Size and Error are inversely related.

Confidence Interval: In statistical term, increasing the sample size, decreases the width of the confidence interval at a given confidence level. When the standard deviation of the population is unknown, a confidence interval is calculated by using the following formula

               

  X ± Z S/ √ n

Standard Error of Mean is E

E = Z S/ √n                    If n increases, E is reduced and vise versa.

Level of Significance: Significance level of a test is the probability used as a standard for rejecting a null hypothesis Ho when Ho is assumed to be true. The widely used values of α is called level of significance i.e 1% (0.01), 5% (0.05) or 10% (0.10).

Level of Confidence: When H0 is assumed to be true, this probability is equal to some small pre-assigned value usually denoted by α, the equality 1-α is called level of confidence. i.e 99% (0.99), 95% (0.95) or 90% (0.90).
Rejection and Acceptance Region: The possible results of an experiment can be divided into two groups;
A. Results appearing consistent with the hypothesis.

B. Results leading us to reject the hypothesis.

The group A is called acceptance region, while group B is called rejection region or critical region. The dividing line in between these two regions is called level of significance (α). All possible values which a test- statistics may assume can be divided into two mutually exclusive groups. One group (A) consisting of values which appear to be consistent with the null hypothesis, and the other (B) having values which are unlikely to occur if Ho is true. 

For example, If the calculated value of test statistics is higher than its table value, then reject H0 so it is called rejection region or critical region, otherwise accept Ho, then it is called acceptance region. 

Types of Errors: In theory of hypothesis, two types of errors are committed;

A) we reject a hypothesis when it is infact true.
B) we accept a hypothesis when it is actually false.
The former type i.e rejection of H0, when it is true is called Type I Error and the latter type i.e the acceptance of H0, when is false is called Type II Error may be presented in the following table.
	True Situation
	                                        Decision

	
	Accept H0
	Reject H0

	H0 is true
	Correct decision
	Wrong decision

Type I Error

	H0 is false
	Wrong decision

Type II Error
	Correct decision


Test Statistics: A test statistics is a procedure or a method by which we verify an established hypothesis or it is function obtained from the sample data on which the decision of rejection or acceptance of H0 is based or a method provides a basis for testing a null hypothesis is known a test statistics.

i.e t- test. Z-test, F-test, Chi square test, ANOVA etc.

One tailed/ sided and two tailed/ sided: A test of any statistical hypothesis where the alternative hypothesis is one sided such as;
H0 : µ = µo

H1 : µ > µo or µ < µo

The critical region for the H1 : µ > µo has entirely on the right tail of the distribution.
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and the critical region for the H1 : µ < µo has entirely on the left tail of the distribution.
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A test of any statistically hypothesis where alternative hypothesis H1 is two sided as;
H0 : µ = µo

H1 : µ ≠ µo

These constitute on both sides/ tailed of the distribution.
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General Procedure for Testing Hypothesis:

The procedure for testing a hypothesis about a population parameter involves the following six steps, 

1. State your problem & formulate an appropriate null hypothesis Ho with an alternative hypothesis H1, which to be accepted when Ho is rejected.

2. Decide upon a significance level, α of the test, which is probability of rejecting the null hypothesis if it is true. 

3. Choose an appropriate test-statistics, determine & sketch the sampling distribution of the test-statistics, assuming Ho is true. 

4. Determine the rejection or critical region in such a way that a probability of rejecting the null hypothesis Ho, if it is true, is equal to the significance level, α the location of the critical region depends upon the form of H1. The significance level will separate the acceptance region from the rejection region. 

5. Compute the value of the test-statistics from the sample data in order to decide whether to accept or reject the null hypothesis Ho.

6. Formulate the decision rule as below. 

a) Reject the null hypothesis Ho, if the computed value of the test-statistics falls in the rejection region & conclude that H1 is true. 

b) Accept the null hypothesis Ho, otherwise when a hypothesis is rejected, we can give α measure of the strength of the rejection by giving the P-value, the smallest significance level at which the null hypothesis is being rejected. 

Example 
A random sample of n = 25 values gives x = 83 can this sample be regarded as drawn from normal population with mean μ = 80 & б =7 

Solution 

i) We formulate our null & alternate hypothesis as 

       Ho: μ = 80 and H1: μ ≠ 80 (two sided).

ii) We set the significance level at α = 0.05 

iii) Test-statistics is to be used is Z = (x-μ)/б/√n, which under the null hypothesis is a standard normal variable. 


iv) The critical region for α = 0.05 is     z    ≥ 1.96 , the hypothesis will be rejected if, for the sample,  z       ≥ 1.96.

v) We calculate the value of Z from the sample data 

vi) Conclusion: Since our calculated value Z = 2.14 falls in the critical region, so we reject our null hypothesis Ho: μ = 80 & accept H1 : μ ≠ 80. We may conclude that the sample with x = 83 cannot be regarded as drawn from the population with μ = 80
Tests based on Normal Distribution: Two parameters are used in this distribution are µ (population mean) and δ2 (Population variance). Let (x1, x2,-------xn) be a sample from N ~ (µ - δ2) → (Normal Distribution). It is desired to test H0: µ = µo is some pre-determined value of µ. Here two cases arise;
Case-I   δ2 is known: Where δ2 is known, then sample mean (X) is normally distributed with population mean (µ) and population variance (δ2/n), so
Z = (X-µ)/ √ δ2/n  = (X-µ)/ δ2/√n 

Where Z is standard normal variance (S)

 Z = (X-µ)/ δ2/√n    (Where H0)

Critical region always depends on H1

We know that

H0 : µ = µo

A. Either H1 : µ≠ µo  (two tailed test ) or     

B1.H1 :µ >µo  one tailed test (right hand side)  or  B2.  H1 : µ < µo  two tailed test (left hand side)
In case│Z1│> Zα/2      Reject Ho   otherwise accept Ho

Example: A researcher worker is interested in testing a fertilizer effect on wheat production which has average production of 40 kg/acre with δ2 = 25 kgs. He selected at random 16 acres of land which were similar in all respects. The wheat was sown and fertilizers were applied. The yield of 16 plots was observed to be 40, 44, 43, 43, 41, 40, 41, 44, 42, 41, 42, 43, 46, 40, 38, 44. Test this claim that production/ yield of wheat will not be increased due to fertilizer effects.

Answer: We formulate hypothesis as 

H0 : µ = µo  (µo = 40 kgs)

H1 :µ >µo  (one sided right hand test)

Level of significance is α is 0.05
Test Statistics to be used is  Z = (X-µ)/ δ/√n
With given values µo = 40 kgs  X= ∑X/n= 672/16= 42,  where δ2 =25

Now putting the values, we get Z = (42-40)/ 5/√16 =1.6

Critical region  Z > Zα   or   Z > Z 0.05(n-1)  or  1.6 > 1.645

Conclusion: Hence we accept H0, which means that there is no effect of fertilizer on the increase of wheat production.
Critical values of Z in a form a table;

	Level of Significance
	Two Tailed Test
	One Tailed Test

	0.10
	± 1.645(± Z α/2)
	± 1.28(± Z α)

	0.05
	± 1.96(± Z α/2)
	± 1.645(± Z α)

	0.01
	± 2.58(± Z α/2)
	± 2.33(± Z α)


Example: It is hypothesized that that average diameter of leaves of a certain tree is 20.4 mm with a standard deviation of 2.0 mm. check this supposition; we select a random sample of 16 leaves and found that this mean is 22 mm. Test whether the sample supports this hypothesis.
Answer: We formulate our hypothesis as;

H0 : µ = µo  (µo = 20.4 mm)

H1 :µ ≠µo  (two side test)l 
Level of significance α = 0.05

While Test Statistics to be used is

Z = (X-µ)/ δ/√n    

The known values are µo = 20.4 mm, δ = 2.0 mm, n= 16,  X = 22.0 mm

Hence by putting the values,  Z = (22-20.4)/2/√16 = 3.2

Critical region is   │Z1│> Zα/2        As 3.2 > 1.96 as Ho is rejected, so this sample does not supports this hypothesis. 
Note: In case 2, If the δ2 is unknown then the formula will be applied as Z = (X-µ)/ S/√n  (under H0), 
t-Distribution:  T-test is used to measure two means. When   δ2 is unknown and n> 30, then for a large sample size, Z-test will replace δ2 by S. When n < 30 and population standard deviation is unknown, then t-test instead of Z-test will be used. T-test can be symbolically expressed as;
t = (X-µo)/ δ√n       with n-1 degree of freedom.

Example: Ten students are chosen at random from a normal population and their heights are found to be in inches as 63, 63, 66, 67, 68, 69, 70, 70, 71, 71. In the light of above data, “Is the mean height in the population is 66 inches”?.

Answer: We formulate our hypothesis as;

H0 : µ = µo (µo = 66 inches)

H1 : µ ≠ µo  (two tailed test)
Level of significance (α) is 0.05

While the test statistics  is t = (X-µo)/ δ√n   with n-1 df

Computations

	X
	Dx = X-PM (PM =68)
	Dx2

	63
	-5
	25

	63
	-5
	25

	66
	-2
	4

	67
	-1
	1

	68
	0
	0

	69
	1
	1

	70
	2
	4

	70
	2
	4

	71
	3
	9

	71
	3
	9

	Total
	∑Dx = -2
	∑Dx2 = 82


X = (P.M/1) + ∑DX/n  = (68/1) +  (-2/10) = 67.8

δ2 = (1/n-1) {∑Dx2 – (∑Dx)2/n}

δ2 = 1/10-1 {82 – (-2)2/10 } = 9.066

δ = √9.066 = 3.011
Now putting the values in the formula as

t = X - µo/ δ √ n  = 67.6- 66/ 3.011 √ 10  with n-1 df   

t = 1.89  with 9 degree of freedom

Here the critical region is │t│> t α/2 (n-1)

│1.89│< t 0.025 (9)

│1.89│< 2.26  Which proves that H0 is accepted, so we conclude that mean height of population is 66 inches. 
Testing the equality of two means: Testing equality of two means or the difference of two means, when the population variance are equal (δ12 = δ22), but unknown. Suppose we have X1, X2, -------Xn and Y1, Y2, --------Yn are the two independent random small samples with mean X and Y drawn from two normal population with population mean µ1 and µ2 with the same unknown population variance. We wish to test the hypothesis whether two population means are same.

t = {(X-Y) – (µ1 - µ2)}/ √ (δ12/n1 +  δ22/n1)  

Since population standard deviation δ is unknown, therefore we take sp as a pooled variance as;

sp = √ {1/(n1+n2-2)} [{∑X2 – (∑X)2/n1} + {∑Y2 – (∑Y)2/n2}]
Example: In the test, two groups obtained marked as 

X    9, 11, 13, 11, 15, 9, 12, 14

Y    10, 12, 10, 14, 9, 8, 10

Is there is any difference in their means of their population.

Answer: Formulate hypothesis as;

H0: µ1 -µ2 = 0

H1 : µ1 -µ2 ≠ 0
Level of significance α is 0.05

Test statistics is   t = (X – Y)/ sp√{1/n1 -1/n2}               with    n1+n2-2 degree of freedom
Computations

	X
	Y
	X2
	Y2

	9
	10
	81
	100


	11
	12
	121
	144

	13
	10
	169
	100

	11
	14
	121
	196

	15
	9
	225
	84

	9
	8
	81
	64

	12
	10
	144
	100

	14
	
	196
	

	∑X = 94
	∑Y= 73
	∑X2 = 1138
	∑Y2 = 785


By putting the values,
sp = √ (1/n1+n2-2) [{∑X2 – (∑X)2/n1} + {∑Y2 – (∑Y)2/n2}] =√ (1/8+7-2) [{1138 – (94)2/8} + {785 – (73)2/7}] = 2.097 
Hence t = (X – Y)/ sp√{1/n1 -1/n2} = (11.75-10.42)/ 2.097√1/8 + 1/7 = 1.24

Here the critical region is │t│< t α/2 (n1 +n2-2)

│1.24│< t 0.025 (8 + 7 - 2)

│1.24│< 2.16 which proves that H0 is accepted, so we conclude that there is difference in their population means. 

Testing Hypothesis about two means with paired observations.
Example. Ten young recruits were put through physical training programme. Their weights were recorded before and after the training with the following results;

	Recruits
	Weight before
	Weight after

	1
	125
	136

	2
	195
	201

	3
	160
	158

	4
	171
	184

	5
	140
	145

	6
	201
	195

	7
	170
	175

	8
	176
	190

	9
	195
	190

	10
	139
	145


Use α = 0.05    would you say that that the programme affects the average weights of recruits. Assume the distribution of weights before and after to be approximately normal.
Answer: We state our null and alternate hypothesis as;

Ho : µD = 0

H1 : µD ≠ 0

Level of significance is α = 0.05

Test statistics under Ho is as

t = d/ sd/√n    with n-1 degree of freedom

Computations

	Recruits
	Weights
	Difference di

(after-before)
	di2

	
	Before
	After
	
	

	1
	125
	136
	11
	121

	2
	195
	201
	6
	36

	3
	160
	158
	-2
	4

	4
	171
	184
	13
	169

	5
	140
	145
	5
	25

	6
	201
	195
	-6
	36

	7
	170
	175
	5
	25

	8
	176
	190
	14
	196

	9
	195
	190
	-5
	25

	10
	139
	145
	6
	36

	
	
	
	∑di = 47
	∑ di2 = 673


d = ∑di/n = 47/10 = 4.7
sd2 = 1/n-1 [ ∑di2 – (∑di)2/n] = 1/10-1 [ 673- (47)2/10] 
sd = 7.09

Now by putting the values in the formula;

t = d/ sd/√ n = 4.7/ 7.09/√10 = 2.09

Critical region is │ t │< t α/2 (n-1)

                 │ 2.09│< t 0.025 (10-1)

                  2.09 < 2.262  which proves that H0 is accepted, so that training programme affects the average weights of recruits.
Note. When the values are independent, the test statistics will be as

t = {(X-Y)-∆}/sp √1/n1 + 1/n2      with n1+n2-1  degree of freedom
Note: Testing the significance of coefficient correlation r by t-test

Test statistics will be;

t = {r√n-2}/ √1-r2     with n-2 df

Chi-Square Test : A test of goodness if fit is a technique by which we test the hypothesis whether the sample distribution is in agreement with theoretical (hypothetical) distribution. Symbolically, it can be expressed as;
X2 = ∑(oi2 – ei2)/ei  

Where X2 = chi- square,      oi = Observed value,    ei = Expected values

Procedure:

1. State the null hypothesis H0, which is usually sample distribution agrees with the theoretical (hypothetical) distribution.

2. Level of significance  α = 0.05

      3.   Test statistics  is     X2 = ∑(oi2 – ei2)/ei  

4.   Critical region    X2cal = X20.05(r-1) (c-1)  degree of freedom

Example. The following table shows the academic conditions of 100 people sex. Is there no relationship between sex and academic conditions?
	Academic condition
	                                Sex
	Total

	
	Male
	Female
	

	Strong
	30
	10
	40

	Poor
	20
	40
	60

	Total
	50
	50
	100


Answer: We formulate the hypothesis as;

H0: There is no relationship between sex and academic condition.

H1: There is no relationship between sex and academic condition.

Level of significance α = 0.05

Test statistics is     X2 = ∑(oi2 – ei2)/ei     with (r-1) (c-1) degree of freedom

Computations

	 Academic condition
	                                Sex
	Total

	
	Male
	Female
	

	Strong
	30
	10
	40

	Poor
	20
	40
	60

	Total
	50
	50
	100


e11 = {40 x 50}/100 = 20

e12 = {40 x 50}/100 = 20

e13 = {60 x 50}/100 = 30

e14 = {60 x 50}/100 = 30

	Oij
	eij
	Oij - eij
	(Oij –eij)2
	(Oij –eij)2/ei

	30
	20
	10
	100
	5

	10
	20
	-10
	100
	5

	20
	30
	-10
	100
	3.33

	40
	30
	10
	100
	3.33

	Total
	
	
	
	16.66


X2 = ∑(oi2 – ei2)/ei     with (r-1) (c-1) degree of freedom

By putting the values, X2 = 16.66

Critical region: X2cal > X20.05(r-1) (c-1)  degree of freedom

16.66 > 3.84  Hence Ho is rejected, which proves that there is relationship between sex and academic conditions.

Example: Genetic theory states that children having one parameter of blood type-M and other parameter of blood type -N, will always be one of three types as M, MN, N. The proportion of three types on average will be as  1:2:1. The report says that out of 300 children having one M percent and one N percent  30% were found to be M type, 45% of MN  type and remainder of type N. Test the hypothesis whether the traits of genetic theory is not consistent with the report.

Answer: We formulate the hypothesis as;

H0: The genetic theory is not consistent with the report or the fit is not good.

H1:  The genetic theory is consistent with the report or the fit is good.

Level of significance α = 0.05
Test statistics will be used   

X2 = ∑(oi2 – ei2)/ei     with (n-1) degree of freedom

Computations: 

O1 = (30x300)/100  = 90
O2 = (45x300)/100  = 135

O3 = (25x300)/100  = 75

e1 = (1x300)/4 = 75

e2 = (2x300)/4 = 150

e3 = (1x300)/4 = 75

	Oi
	ei
	Oi - ei
	(oi –ei)2
	(oi –ei)2/ ei

	90
	75
	15
	225
	3

	135
	150
	-15
	-15
	1.5

	75
	75
	0
	0
	0

	
	
	
	
	∑(oi2 – ei2)/ei= 4.5


X2 = ∑(oi2 – ei2)/ei     with (n-1) degree of freedom

X2 = 4.5

Critical region: X2cal < X20.05(3-1)  degree of freedom

4.5 < 5.99  Hence Ho is accepted, which proves that the genetic theory is not consistent with the report or the fit is not good.

Analysis of Variance: (ANOVA): In simple word, the analysis of variance is defined as, “It is statistical device for partitioning the total variations into separate components that measures the different sources of variation. We use the following terms in making the analysis of variance table;

1. Source of variation: A component of an experiment for which we calculate the sum of squares and mean squares.

2. Degree of freedom: For a given set of conditions, the number of degree of freedom is the total number of observations minus one restriction imparts the aggregate data.

3. Sum of squares: It is sum of squares of squares of deviations for each item from its mean.  i.e E (X-X)2.
4. Mean square: When  sum of squares divided by respective degree of freedom. It is also known a estimate of variance. (s2).

5. F ratio: The ratio of treatment estimate of variance to error estimate of variance is called F ratio.

6. F tabulated: F ∞ (n1, n2)

Analysis of variance technique is applied into different criterion of classification i.e  One way classification or one criterion or category classification or two way classification or two criterion or categories classification. 

ANOVA (TWO WAY WITHOUT INTERACTION) or One Way ANOVA:
ANOVA for Randomized Block Design or One Way ANOVA : To test for statistical significance in a randomized block design, the linear model of individual observation is;

Yij = µ + αj + ßi + εij

Where  Yij = Individual observation on the dependent variable.

µ = grand mean

αj = jth treatment effect

ßi = ith block effect

εij = random error or residual

The statistical objective is to determine if significance differences among treatment means and block means exist. This will be done by calculating an F ratio for each source of effects. 

Example: To illustrate the analysis of a Latin Square Design, let us return to the experiment in which the letters A, B, C and D represents four varieties of wheat, the rows represents four different fertilizers and the columns accounts for the four varieties of wheat measured in kg per plot. It is assumed that variance of variations do not interact. Using a 0.05 level of significance, test the hypothesis that;

a) H/o: There is no difference in the average yields of wheat when different kinds of fertilizers are used.

b) H//o: There is no difference in the average yields of wheat due to different years.

c) H///o: There is no difference in the average yields of the four varieties of wheat.

Table: Yields of wheat in kg per plot

	Fertilizer

Treatment
	Year

	
	1978
	1979
	1980
	1981

	T1
	A    70
	B    75
	C  68
	D  81

	T2
	D    66
	A  59
	B  55
	C  63

	T3
	C    59
	D  66
	A   39
	B   42

	T4
	B     41
	C   57
	D   39
	A  55


Solutions: 

Table: Yields of wheat in kg per plot

	Fertilizer

Treatment
	Year
	Total

	
	1978
	1979
	1980
	1981
	

	T1
	A    70
	B    75
	C  68
	D  81
	294

	T2
	D    66
	A  59
	B  55
	C  63
	243

	T3
	C    59
	D  66
	A   39
	B   42
	206

	T4
	B     41
	C   57
	D   39
	A  55
	192

	Total
	236
	257
	201
	241
	935


1          a) H/o: α1 = α2 = α3 = α4 =0

b) H//o: β1 = β 2 = β3 =  β3 = 0

c) H//o: TA = TB = TC = TD = 0

2 a) H/1: At least one of the αi is not equal to zero

b) H//1: At least one of the βi is not equal to zero

c) H///1: At least one of the TK is not equal to zero

3
α = 0.05

4
Critical region a) f1 > 4.76  b) f2 > 4.76  c) f3 > 4.76

5
From table, we find the row, column and treatment totals to be;


T1 = 294, T2= 243, T3= 206, T4= 192


T.1= 236, T.2= 257, T.3= 201, T.4= 241


T..A=223, T..B=213, T..C= 247, T..D= 252

Hence  SST = 702 + 752 + --------+ 552 – 9352/16 = 2500


SSR = (2942 + 2432 + 2062 + 1922)/4 - 9352/16 = 1557


SSC = (2362 + 2572 + 2012 + 2412)/4 -  9352/16 = 418


SSTR = (2232 + 2132 + 2472 + 2522)/4 -  9352/16 = 264


SSE = 2500-1557-418-264 = 261

Two way Analysis of variance (ANOVA)  without interaction Table
	Source of variance
	Sum of squares
	Degree of freedom
	Mean square
	Computed

f

	Rows means
	SSR=1557
	r-1 =3
	S21  = SSR/(r-1)  =519.00
	f1 = S21/ S24

       = 11.93

	Columns means
	SSC= 418
	c-1= 3
	S22  = SSC/(c-1)  =139.33
	f2 = S22/ S24

       = 3.20

	Treatment
	SSTA= 264
	r-1 = 3
	S23  = SSTR/r-1  =88.00
	f3 = S23/ S24

       = 2.02

	Error
	SSE= 261
	(c-1)(r-2)=6
	S24  = SSE/(c-1)(r-2) 

       = 43.5
	

	Total
	SST = 2500
	15
	
	


Decisions: 

a) Reject H/o and conclude that a difference in the average yields of wheat exists when different kinds of fertilizers are used.

As f1c= 11.93 while f10.05 (3,6) =4.76  since f1c> f10.05 (3,6)

b) Accept H//o and conclude that there is no difference in the average yields due to different years.

As f2c= 3.20 while f10.05 (3,6) = 4.76  since f1c< f10.05 (3,6)

c) Accept H///o and conclude that there is no difference in the average yields of the four varieties of wheat.

As f3c= 2.02 while f10.05 (3,6) = 4.76  since f1c< f10.05 (3,6)
ANOVA (TWO WAY WITH INTERACTION) or Two Way ANOVA or Factorial Design:
There is considerable similarity between the factorial design and the one way analysis of variance. The sum of squares for each of the treatment factors (rows and columns) is similar to the between- groups sum of squares in the single factor model- that is , each treatment sum of squares is calculated by taking the deviation of the treatment means from the grand mean. In a two factor experimental design, the linear model for an individual observation is;

 Yijk = µ + αj + ßi + Iij + εijk

Where  Yijk = Individual observation on the dependent variable.

µ = grand mean

αj = jth effect of factor A- column treatment

ßi = ith effect of factor B- row treatment
Iij= Interaction effect of factors A and B

εijk = random error or residual

Example: Use a 0.05 level of significance to test the following hypothesis,

a) H/o: There is no difference in the average yield of wheat when different kinds of fertilizers are used.

b) H//o: There is no difference in the average yield of three varieties of wheat.

c) H///o: There is no interaction between the different kinds of fertilizers and the different varieties of wheat.

	Fertilizer

Treatment
	Varieties of wheat 

	
	V1
	V2
	V3

	T1
	64
	72
	74

	
	66
	81
	51

	
	70
	64
	65

	T2
	65
	57
	47

	
	63
	43
	58

	
	53
	52
	67

	T3
	59
	66
	58

	
	68
	71
	39

	
	65
	59
	42

	T4
	58
	57
	52

	
	41
	61
	59

	
	46
	53
	38


Solutions: 

	Fertilizer

Treatment
	Varieties of wheat
	Total

	
	V1
	V2
	V3
	

	T1
	200
	217
	190
	607

	T2
	186
	152
	172
	510

	T3
	192
	196
	139
	527

	T4
	145
	171
	150
	466

	Total
	723
	736
	651
	2110


1. a) H/o: α1 = α2 = α3 = α4 =0        

b) H//o: β1 = β 2 = β3 = 0

c) H///o: (α β) 11 = (α β) 12 = --------- = (α β) 43 =0

      2.   a) H/1: at least one of the αi is not equal to zero.


b) H//1: at least one of the  βj is not equal to zero.


c) H///1: at least one of the  (αβ)ij is not equal to zero.

      3.   α = 0.05

      4.   Critical region: a) f1 > 3.01, b) f2  > 3.40  c) f3 > 2.51

      5.   Computations:


SST = Total sum of squares = 642 + 662 + -----+ 382 – 21102/ 36 = 3779


SSR = Row sum of squares = (6072 + 5102 + 5272 + 4662 )/ 9 - 21102/ 36 = 1157

            SSC = Column sum of squares = (7232 + 7362 + 6512)/12 - 21102/ 36 = 350


SS (RC) = Sum of squares for interaction of rows and columns 

                          = (2002 + 1862 + ----+ 1502)/ 3 - (6072 + 5102 + 5272 + 4662 )/ 9 

- (7232 + 7352 + 6512)/12 + 21102/ 36 

= (2002 + 1862 + ----+ 1502)/ 3 – 124826 -124019 + 123669 = 771


SSE = Error sum of squares = SST –SSR –SSC-SS(RC) 

       = 3779-1157-350-771= 1501

Two way Analysis of variance (ANOVA)  with interaction Table
	Source of variance
	Sum of squares
	Degree of freedom
	Mean square
	Computed

f

	Rows means
	1157
	r-1 =3
	S21  = SSR/(r-1)  =385.66
	f1 = S21/ S24

       = 6.17

	Columns means
	350
	c-1= 2
	S22  = SSC/(c-1)  =175.00
	f2 = S22/ S24

       = 2.80

	Interaction
	771
	(r-1) (c-1)=6
	S23  = SSR(RC)/ (r-1) (c-1)  =128.50
	f3 = S23/ S24

       = 2.05

	Error
	1501
	rc (n-1)=24
	S24  = SSE/r c (n-1)  

       = 62.54
	

	Total
	3779
	rcn-1 = 35
	
	


Decisions:         a)   Reject H/o and conclude that a difference in the average yield of wheat exists when different kinds of fertilizers are used.


As f1c= 6.17 while f10.05 (3,24) =3.01  since f1c> f10.05 (3,24)
b) Accept H//o and conclude that there is no difference in the average yield of three varieties of wheat.

As f2c= 2.80 while f20.05 (2, 24) =3.40  since f1c< f10.05 (3,24)
c) Accept H///o and conclude that there is no interaction between the different kinds of fertilizers and different varieties of wheat
As f3c= 2.05 while f10.05 (6, 24) =2.51  since f1c < f10.05 (3,24)
Important Concepts in ANOVA:

· Complete Randomized Design (CRD): : Replications of treatments are assigned completely at random to independent experimental subjects without regard to other subjects. 

· Randomized Complete Block (RCB) with subsampling: More than one sub-unit per block is assigned to each treatment. 

· Latin square design: Treatments are assigned once per row and once per column. 

The Completely Randomized Design (CRD)

The CRD is the simplest of all designs. It is equivalent to a t-test when only two treatments are examined.

Field marks: 
· Replications of treatments are assigned completely at random to independent experimental subjects. 

· Adjacent subjects could potentially have the same treatment. 

Sample layout: 
Different colors represent different treatments. There are 4 (A-D) treatments with 4 replications (1-4) each.
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     A1  B1  C1  A2

     D1  A3  D2  C2

     B2  D3  C3  B3

     C4  A4  B4  D4

  ANOVA table format: 
	Source of
variation
	Degrees of
freedoma
	Sums of
squares (SSQ)
	Mean
square (MS)
	F

	Treatments (Tr)
	t-1
	SSQTr
	SSQTr/(t-1)
	MSTr/MSE

	Error (E)
	t*(r-1)
	SSQE
	SSQE/(t*(r-1))
	 

	Total (Tot)
	t*r-1
	SSQTot
	 
	 

	awhere t=number of treatments and r=number of replications per treatment.


The Randomized Complete Block (RCB) with subsampling

Field marks: 
· Replications of treatments are assigned completely at random to independent groups of experimental subjects within blocks. 

· Each treatment is repeated more than once per block. 

Sample layout: 
Different colors represent different treatments. Blocks are arranged in vertical rows. There are 4 blocks (I-IV) of 3 treatments (A-C) with 3 subsamples (a-c). 
[image: image4.png]



Aa Ab Ac  +  Ba Bb Bc  +  Ca Cb Cc  +  Ba Bb Bc

Ba Bb Bc  +  Aa Ab Ac  +  Ba Bb Bc  +  Aa Ab Ac

Ca Cb Cc  +  Ca Cb Cc  +  Aa Ab Ac  +  Ca Cb Cc

Block I   +  Block II  +  Block III +  Block IV

 

ANOVA table format: 
	Source of
variation
	Degrees of
freedoma
	Sums of
squares (SSQ)
	Mean
square (MS)
	F

	Blocks (B)
	b-1
	SSQB
	SSQB/(b-1)
	MSB/MSE

	Treatments (Tr)
	t-1
	SSQTr
	SSQTr/(t-1)
	MSTr/MSE

	Experimental Error (E)
	(t-1)*(b-1)
	SSQE
	SSQE/((t-1)*(b-1))
	MSE/MSS

	Sampling Error (S)
	t*b*(s-1)
	SSQS
	SSQS/(t*b*(s-1))
	 

	Total (Tot)
	t*b*s-1
	SSQTot
	 
	 

	awhere t=number of treatments, b=number of blocks and s=number of subsamples.


The Latin Square design

The Latin square design is used where the researcher desires to control the variation in an experiment that is related to rows and columns in the field.

Field marks: 
· Treatments are assigned at random within rows and columns, with each treatment once per row and once per column. 

· There are equal numbers of rows, columns, and treatments. 

· Useful where the experimenter desires to control variation in two different directions 

Sample layout: 
Different colors represent different treatments. There are 4 treatments (A-D) assigned to 4 rows (I-IV) and 4 columns (1-4).
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Row I     A   B   C   D

Row II    C   D   A   B

Row III   D   C   B   A

Row IV    B   A   D   C

Column    1   2   3   4

 

ANOVA table format: 
	Source of
variation
	Degrees of
freedoma
	Sums of
squares (SSQ)
	Mean
square (MS)
	F

	Rows (R)
	r-1
	SSQR
	SSQR/(r-1)
	MSR/MSE

	Columns (C)
	r-1
	SSQC
	SSQC/(r-1)
	MSC/MSE

	Treatments (Tr)
	r-1
	SSQTr
	SSQTr/(r-1)
	MSTr/MSE

	Error (E)
	(r-1)(r-2)
	SSQE
	SSQE/((r-1)(r-2))
	 

	Total (Tot)
	r2-1
	SSQTot
	 
	 

	awhere r=number of treatments, rows, and columns.


